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217. 


A MEMOIR ON THE PROBLEM OF THE ROTATION OF A 
SOLID BODY. 


[From the Memoirs of the Royal Astronomical Society, vol. XXIX. (1861), pp. 307—342. 
Read May 11, 1860.] | 


THE present memoir was written for the sake of the further elaboration of the 
analytical theory of the Rotation of a Solid Body, upon principles similar to those 
of my “Memoir on the Problem of Disturbed Elliptic Motion,” Mem. R. Ast. Soc. 
vol. XXVI. pp. 1—29 (1858) [212]; the like elements are adopted, and the course of 
the investigation corresponds precisely to that of the memoir just referred to. The 
formule for the variations of the elements in the two problems (the motion being 
in each case referred to a fixed plane of reference and origin of angles therein) are 
found to be (as it is known they should be) identical in form; an investigation, in 
the present memoir, of the transformation of the system to the case of a variable 
plane of reference and departure-point as an origin of angles in such plane, would 
have been & mere repetition of that contained in the former memoir, and it was 
therefore unnecessary to give it. A point in the present memoir to which attention 
may be called is the definition of the angle g (varying uniformly with the time, 
but used as an element) which corresponds to the mean anomaly in elliptic motion. 
Besides the ultimate system of formule for the variations of the elements in terms 
of the differential coefficients of the Disturbing Function with respect to the elements, 
it appears to me that the intermediate formule for the variations in terms of the 
differential coefficients with respect to the coordinates (which are in the ordinary 
investigation altogether passed over) are not without interest, and that it is possible 
that they might be employed with advantage in the integration of the equations of 


motion for the purposes of physical astronomy. 
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In the theory of elliptic motion, where the elements are 


a, the mean distance, 
e, the 
g, the 
æ, the 


eccentricity, 


mean anomaly, 


0, the longitude of node, 
c, the 
the 


departure of node, 


inclination, 


and if, besides, we have 


departure of pericentre, 


n, the mean motion (n’a? = sum of the masses), 


and © denote the disturbing function taken with Lagrange’s sign (Q =-— R, if R be 
the disturbing function of the Mécanique Céleste) then the formule for the variations 


of the elements are 


where 0 = (a, e, g, œ, $, c, 6). 


And if in these equations we write 


da = na dg dt, 
de = 1-e dQ er dQ dt, 
nae dg nae da 
2 dQ l-e dQ 
ls tal om agp Ap 
- nae de 
dQ cosecd dO 
dan: coto | ad 
? ~ nd? W1— e de na? V1— e dÓ v 
dO 
: na? V1— e add 
Q 
do = t$ d dt, 
na? V1 —e dọ 
l 
h=— s. (sum of the masses) = — na’, 


k= naWl—e; 
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then attending to the equation dn —— 3 “da, we have 
a 
dh= nada, 
^u nave 
dk = pnav1-éda-77—, 
and thence 
“= wa T. + gna VI e ©, 
do _ wa ao 
de /1—28 dk 
and the formule are very easily transformed into 
dh= m? at, 
g 
dQ 
dO. 
dQ, 
d a= dk dt, 
_ coto dQ cosec $. dO, 
dr ruo geting qe @ 
_ coto dQ 
do = wn d$ dt, 
_ cosecd dO. 
d0 = - bas dt, 


where O20 (h, 9, k, T, $, T, 0). 


This is the system of formule which will be obtained in the sequel for the 
variation of the elements in the problem of rotation, the new meanings of the 
symbols being explained post, Art. IV. 


And if in either of the two problems, instead of the angles $, ce, 0, which 
refer to a fixed plane of reference and origin of angles therein, we have the angles 
b, X, ©, referring to a variable plane of reference and departure-point as an origin 
of angles in such plane, the position of these in respect to the fixed plane of 
reference and origin of angles therein being determined by 

0', the longitude of node, 
o’, the departure of node, 


¢’, the inclination, 
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and if © denote ®© — c', then the system is 


dh = 2n zm dt, 
dg =- an de 
dk = SS di 
de = dt 
do =— aL = dt — at $ = dt — (cos S'do’ + sin S' sin $'d6^), 
dX = FUN e dt + cosec ® (sin S'd$' — cos S' sin $' d6"), 
de = TE - = dt + cot 4 (sin S'd$' — cos S' sin $'d6^), 


where Q=Q (h, g, k, ce, o, ÈZ, ©, $', o, 0), or what is the same thing, Q = 
Q(h, g, k, c, o, E, O). As already remarked, it is not necessary to repeat in the 
present memoir the transformation to this set of formule. 


IL. 


Considering, now, the problem of rotation, let the axes «yz denote axes fixed in 
space, and the axes xyz, denote the principal axes of the body; and if, to fix the 
ideas, wy is called the ecliptic and zy, the equator (the ecliptic zy being considered 
as a fixed circle of the sphere and the origin of longitudes 2 as a fixed point 


therein), then we may write 
T, the longitude of node, 


S, the departure of node, 
F, the inclination. 


^ 


And if, as usual, p, q, r are the angular velocities round the principal axes, or 
axes of w, y, and z, from y, to z, z, to æ, and æ, to y, respectively, so that 


pdt = — sin S sin F dT + cos S dF, 
qdi- cos sin FdT + sin SdF, 
rdi cos Pd T — dS ; 
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and if A, B, C are the moments of inertia, then the Vis Viva function or sum of 
the elements of mass, each into the half square of its velocity, is 


T-i(Ap'* Bẹ + Cr); 


and if Q be the disturbing function (taken with Lagrange’s sign), then the equations 
of motion 
S dT. dT, dO o 
ad? 4T, af’; 


give as usual 


-|43 d (0- Bar sinSsin F4- LE: +(A— —C)rp | cosSsin F+ l^ —+(B- Aya | cos P = do 


ar’ 
|4 oP + (C—B) or] cosS ab dg | ( 4 Orp | sinS = à 
-[e5*G-Am| =, 
or, as these equations may be written, 
A E T (C — B) qr 2 — sin S (cosee F Sn cot FS) + cos 822, 
B. (A —C)rp-— cos 8 (cosee P Sn cot FS) — sin M ; 


dr dQ. 
Cat (B-A)pi=— ag 


which, with the equations for p, q, r, determine the motion of the body. 


III. 


First, to integrate the equations of motion when the disturbing forces are neglected; 
we have, as usual, the integral equations 


Ag Bg On, 
AP + Pg? + r= k; 


where h, k are constants of integration, viz, h is the constant of Vis Viva, and k 
1s the constant of the principal area. 


Moreover, if the coefficients a, 8, &c. are those which belong to the transforma- 
tion from xyz to v,y,z,, viz. if in the table 
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"n n HH 
S a B y 
the values of the coefficients are 
x cos S cos T + sin S sin T cos F sin S cos 7' — cos S sin 7' cos F sin 7 sin F | 
y cos S sin 7' — sin S cos 7' cos F sin S sin 7' + cos S cos 7 cos F | —cos 7' sin F 
e — sin S sin F cos S sin F cos P 


Then we have also, as usual, the integral equations 


Apa -cBq8 +Cry = ksin @sin $, 

Apa + BqB' + Cry’ =—kcos 0 sin ¢, 

Apa" + Bq8" + Cry' = kcos $; 
where 0, $ are constants of integration which determine the position of the principal 
plane (or invariable plane, in the undisturbed motion) Considering now a new system 
of axes Y2, where a and z are in the principal plane, and a, is in the first 
instance considered as an arbitrary fixed point therein (afterwards when the plane is 
treated as variable, æ, is assumed to be a departure-point), let the position of the 
new set of axes in reference to the axes zyz be determined by 


0, the longitude of the node, 
c, the departure of the node, 
¢, the inclination : 
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so that the relation between the coordinates zyz and zy,z, is given by the table 


La | Ya Zo 
x a b c 
y a’ | b c 
Z a” | b" c" 


| 
| Xz Y h matinik dii 
x | ` cos ø cos @ + sin ø sin Ó cos $ sin o cos 0 — cos c sin 0 cos $ n sin Ó sin $ 
y cos o sin Ó — sin c cos Ó cos $ sin c sin 0 + cos o cos Ó cos $ — eos ô sin $ 
z — sin c sin $ cos o Sin $ cos d 


and let the position of the axes wyz, in reference to the new axes £W, be 
determined in a similar manner by 


T,, the longitude of node, 
S, the departure of node, 


F,, the inclination ; 


so that we have the table 


Qu BEL. 61 
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where the values of the coefficients are given by 


& Y, %, 


x, | cos $, cos T, -- sin S, sin 7, cos F, | sin S, cos T, — cos S, sin T, cos F, sin 7 sin Ff, 


y» | cos S, sin T, — sin S, cos T, cos F, | sin S, sin 7, + cos S, cos T, cos F, | — cos T, sin F, 
s POS NECEM -——]- ----— -H 
A — sin S, sin F, cos S, sin F, cos F, | 


The values of a, Bz, yy, are 
aa +. a'a J- a" a" 3 
aß +a 8' 4- a" 8", 


n. A 


ay ay +a"y", 
with similar expressions for a,, Bx, y; and a, B’, ye"; the last-mentioned three 
integrals are thus transformable into the form 
Apa, +Bg8, +Cry, =0, 
Apa, + Bg.’ + Cry’ =0, 
Apa,” a BoB,’ S Cry" Ly k, 


which are, in fact, the equations which show that the plane æy, is the principal 
plane, or plane of maximum area. 


The equations just obtained, attending to the values of a”, By”, y,", give 


Ap = — k sin S, sin F,, 
Ba =  kcos S,sin F,, 
Cr = “EG os Fy: 
and, since the expressions for p, q, r, in terms of 7,, S, F, must be similar to 
those in terms of T, S, F, we have 
pdt = — sin S, sin F,dT, + cos S,dF,, 
qdt= cos S,sin F,dT, + sin 8,dF,, 
rdt = cos F dT, — dS, ; 


from which equations, 


sin F,dT, = (— p sin S, + q cos S;) dt; 


and substituting for sin S,, cos S}, the values — Ap Bq 


LL 1 id this becomes 
ksm F,’ ksin F,’ 


k? sin? F,dT, = k (Ap? + Bq?) dt; 
or, what is the same thing, 


(k — Or?) dT, =k (h — Cr?) dt. 
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The two equations .Ap?--Bq?-- Cr —h, <A*p?+ Bg? + C"? may be considered as 
determining p, q, in terms of r, and the equation er + (B — A) pq — 0, then gives 


— Cdr 
disnei 
(B — A) pq 
whence also the equation for dT, becomes 


dr, =C C) _— Cdr _ 
|" ke-r (B— A) pq’ 


Instead of the time t, I consider a function g=nt+const., n being for the 
present an arbitrary constant quantity which may be a function of the constants h 
and k; we have thus 


and the integral equation is 


The equation for dT, gives, in like manner, 


FECI Re 
k — 0%? (B— A) pq’ 


T=a+. 


where it is assumed that the integrals are each of them taken from r=”, rọ being 
an arbitrary constant value, say a function of h and k. The quantity g is analogous 
to the mean anomaly in elliptic motion, or rather it will become so when the signifi- 
cations of n and r, are fixed; it is considered as implicitly involving a constant of 
integration, and, consequently, no constant of integration is added to the integral: as 
regards 75, the constant of integration is œw, which denotes the initial value (corre- 
sponding to r=r,) of the angle 7;. 


Ly. 
Recapitulating the integral equations, we have 

Ap+Be+Cr=h, 
A?p? + Bg? + Or? = p, 
Ap — — ksin 8, sin F,, 

Bq= kcosS,sin F,, 

Cr= keos EF; 

agen Mere a 

(B—A) pq’ 
which equations give r, p, q, and thence S, and F, in terms of g and the constants 


h and k. 
61—2 
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Moreover 
para PEU SU) cUdr 
eM Or (BU 
which gives T, in terms of g and the constants h, ky a; and then T, S, F are 
given in terms of T,, S, F, and the constants 0, c, d, as follows, viz, we have a 
spherical triangle ABC, the sides whereof a, b, c, and the opposite angles A, B, C, 
are respectively, 
Sides S,— S, T,—e, T—0, 
Opposite angles @ , 180—F, HM, 


as appears by the figure. 


Iı 


The above values of p, q, r, give 


h— C= (1e Crt) ("e M ee) ! 


an equation which will be useful in the sequel. 


The coefficient n, and the value r, which is the inferior limit of the integrals, 
are thus far considered as arbitrary functions of h and k. As already remarked, g 
(which is a varidble quantity, =nt+c) is used as an element, and the elements are 
h, b, g, *, c, 8, Q. 


1 


As to the signification of the different elements, it is proper to remark that it is 
not for the purposes of the present memoir necessary to completely fix the significations 
of the quantities n and r,; the only conditions imposed on these quantities in the sequel 
are that n shall be a function of h only, and that r, shall be a function of h and k, 
2C ous). where f denotes an arbitrary 
function. The values of n and r, might, in accordance with these conditions, be fixed 
more definitively by reference to the cone rolling and sliding on the principal plane, used 
in the theories of Poinsot and Jacobi for the representation of the undisturbed motion, 
but to do this would require a further discussion of the integral equations, and it is a 
point which is not here entered into. 


satisfying an equation of the form n= f ( 
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This being premised, we have (corresponding to the orbit in the theory of 
elliptic motion) the principal plane, with a departure point therein, the positions 
whereof, in respect to the fixed plane of reference, are determined by 0, the longi- 
tude of node; $, the inclination; and c, the departure of node. The precise signifi- 
cation of œ depends upon that of rẹ and the signification of r, being assumed to 
be completely determined, that of œ will be so likewise; œ is to be considered as 
an angle measured in the principal plane from the departure point, and determining 
in that plane a line (or, treating the plane as an orbit, a point) which I call the 
rotation pericentre, or simply the pericentre; say @ is the departure of the peri- 
centre; and then g is an angle varying uniformly with the time, used for expressing 
in terms of the time the angle 7, which determines the position, in regard to the 
principal plane and departure point therein, of the node of the plane of æy, or 
equator, upon the principal plane,—such node corresponding with the moving body in 
the theory of elliptic motion. We may in fact say: T, the departure of the last- 
mentioned node, =w, the departure. of pericentre, + (T — œw), the rotation true anomaly 
of such node; T — « being a function of g, the rotation mean anomaly of such node. 
The elements are then as follows, viz. : 


h, the constant of Vis Viva, 

k, the constant of areas, 

g, the rotation mean anomaly, 

w, the departure of rotation. pericentre, 

0, the longitude of node of principal plane, 
c, the departure of ditto, 


$, the inclination of principal plane ; 


where 6, c, $ determine the position of the principal plane and departure point 
therein, in respect to a fixed plane of reference and departure point therein; but it 
has been already remarked that the position of the principal plane and departure 
point therein might be, by the analogous quantities ©, £X, c, determined in reference 
to an arbitrarily varying plane of reference and departure point therein, and that the 
expressions for the variations of the elements would then be of the form given for 
this case in Art. I. 


In the problem of the Rotation of the Earth, the principal plane is sensibly 
coincident with the plane of the equator, and on this account there is no actual 
physical representation of various quantities occurring in the mathematical problem. 
But a complete discussion of the mathematical problem does not thereby become 
unnecessary for the purposes of physical astronomy. 
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Y 


If, now, the Disturbing Function is taken into account, the equations are to be 
integrated by the method of the variation of the elements. I use dg to denote that 
part of the variation of g(=tdn+dc, if g —nt--c), which depends on the variation 
of the constants, and in like manner for dp, dq, dr, &c. I assume, moreover, that 
x, is a departure point in the principal plane; this gives de —cos$d0 —0; and we 
see that the equations which lead to the expressions for the variations of the 
elements are 


dQ, 


: dQ dQ 
Adp = — sin 8 (cosee F5, + cot P Sg) dt + cos S gp dt, 
dQ dQ dQ 
Bdq = cos% (cosee F 55, + cot P) dt + sin 855 dt, 
dQ, 
dT =0, 
dS =0, 
dF =0, 
da — cos $ d0 — 0, 


where, of course, 0 =Q (T, S, F). 
The variations dh and dk are obtained from the equations 
dh = A pdp + B qdq + C rdr, 
kdk = A*pdp + B*qdq + C*rdr, 


expressions which will presently be resumed and reduced; S, and F, may be con- 
sidered as given functions of h, k, r, and the. variations dS, and dF, can be thus 
obtained. The expressions for T, S, F, in terms of T,, S,, F,, c, 0, $, and the equations 
dT -—0, dS=0, dF 20, de —cos $d0 —0, then lead to the expressions for d0, dc, dd. 
and to an equation — dS, + cos F,dT, —0; dT, is thus also given in terms of dh, dk, dr. 
And this being so, the two equations 


e — Cdr 
$ (B - A) pq’ 


pg p [OVEM uae Cab 
P n k- Cr (B—A)pq' 

lead to the expressions of dg, dw, in terms of dh, dk, dr; the form’ of these expres- 
sions is simplified by partially fixing, in the manner already referred to, the signifi- 
cations of the quantities n and r, considered as functions of h and k. In this 


F ' ; ; dQ dQ dQ 
manner (dh, dk, dr, being given linear functions of ar dt, ds dt, dP dt) we obtain 
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dh, dk, dg, dw, d0, de, d$, all of them expressed in the same form; that is, in 
terms of the differential coefficients of the disturbing function Q with respect to the 
coordinates T, S, F. We may then express the disturbing function © in terms of 
the elements, and transform the equations so as to obtain expressions for the 
variations of the elements in terms of the differential coefficients of Q with respect 
to the elements. 


VI. 


Proceeding to carry out the foregoing plan, the equation 
$dh = Apdp + Bqdq + Ordr, 
putting for Adp, Bdq, Cdr, their values, gives 


dQ dQ 
dh = ee EM T 
+ (p cos S --g sin S) Ta Jp D di v dt, 


which may also be written 


T m Cr? dQ 
idh- ae io f- sin (S, — S) sin F, Jp“ | 
E dQ dQ dQ 

+ cos (S, — S) sin F, (cosee F7, + cot P.) dt — cos F, SS at} 

| cos (S, — S) sin rta 
dQ dQ, 

+ sin (S, — S) sin F, (cosee Fon + cot FT) de 
r (Ch — k’) k?) dQ * 
k-Cr dS € 


In fact, if, in this expression, we consider first the terms involving - dt, the 
coefficient is 
— Cr(h — Cr? Ch—-k*) — 2 
UU DE UT M 3 Aiad a E A 


ke — Œr? n k2 — ær 


Next, the terms involving et dt, the coefficient is 


1 
(ye as s 
a Cr’) sin (S, 8) + (B — A) pg cos (S, — D) caer. 
2 | (A — Cr?) sin S, + (B — A) pq cos s.) cos S 
+| (h — Cr?) cos S, + (B — A) pq sin, sin 8 | i owt 
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Ap Bq 


i tial 4 essa the coefficient is 


or, putting for sin S,, cos S,, their values 
j- (h — Cr?) (— Ap) + (B — A) pq. By} cos S 


{_ 
l 
: 1 
+} (h — €?) Bq + (B — A) pq (— Ap) sin s! Bsn F,' 


dis the quantities in {} being respectively p (k?— O7?) and q (k?— C?r?, and since 
— C? = k sin? F,, the coefficient is = p cos S + q sin S. 


In like manner, for the terms involving (cosec F ort cob F a) dt, the coefficient 
is 
; 1 
— Or = AY = B 
fa C?) cos (S, — S) + (B — A) pq sin (S, 8) rU 


= [fa — Cr’) cos S, + (B — A) pq sin s.) cos S 


1 


4 io — Oran S; - = MO gp ut s) in s| mer 


which is =—psinS+qcosS; and the foregoing transformed expression for $dh is thus 
seen to be correct. 


The equation 
kdk = A*pdp + B*qdq + C*rdr, 


substituting for Adp, Bdq, Cdr, their values, becomes 


dQ, dQ 
kdk = Api- sin S (cosee P777, + cot FS) dt + cos 82% at} 


dQ, dQ. Mtm. 
+ By} cos S (cosee PZR + cot PAO) dt + sin sop et 
dQ : 
+ 0r |- m dt 


But, from the equations Ap = — k sin S, sin F,, Bg=kcosS,sin F, Cr = k cos F,, we 
deduce 
—ApsinS+BqeosS= kcos(S,—S) sin Fi, 
Ap cos S + Bq sin S = — k sin (S, — S) sin F,, 
Cr = kceos Fa; 
and we thence find 


dk = — sin (S, — S) sin PF. oe pu + cos (S, — S) sin F, (cosec pio E 


qp t ctr 


)ae- cos F, UO dt ; 


so that dh and dk are now determined. 
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VII. 
The expressions for dh and dk being thus obtained, and dr being also given by 
the equation Cdr=— i dt, we may now express dF, and dS, in terms of dh, dk, dr. 


In fact, the equations 
Cr =k cos F,, 


h— Cr -(R— Om) (S mans teme). 


B 


give immediately 
k sin F dF, = — Cdr + cos F,dk, 


C (Ch — Pr yy i 3d. — (h— Cr) kdk, 


sin Be cos 8, E ( p (ke-r k? — C2 A (= [727 ; 


4-5)**7 
or, multiplying by k?—C%(=k'sin’ F,), and replacing cos S,sin F,sinF, by — ABpq, 
and dividing, the last equation becomes 

— C (Ch — k) rdr 4dh (h — Cr?) kdk 


+ 


d= G OAB- A) pq (B-A)pq C- Ov) (B — A) pj 


and thence also 


aed AT best C* (Ch — k?) r?dr 4Crdh C (h — Or) rdk 


ke (k? — Gr) (B— A) py k(B—A)pq  ((&—Cm)(B-A)pq' 


which is the value of dT,, as given by the equation (not yet demonstrated) 
dT, = cos S, dF}. 


The expression for dF,, substituting for dr and dk, their values, gives 


ksin F,dF,= cos F, sin F, cos (S, — S) (cosec p + cot F2) dt 


— eos P, sin F, sin (S, — S) E dt 


dQ dQ 
— cos? F, —— ds dt + aS dt ; 


or, combining the last two terms, and reducing, 


1 : dQ dQ : dO, f 

dP,=7 {eos F, cos (S, — S) (cosee Foyt cot Pa) dt — cos F, sin (S.— 8) 75 dé +sin FS ath. 
We might, in like manner, transform the expression for dS,, but it is somewhat 
more simple to obtain the new form by differentiation of the equation tan S, — — = : 
this, in fact, gives 1 
AB (pdg —qdp) _ 
dS, = Tp + Big = E y, (4p . Bdg — Bq. Adp), 
cy Xt. 62 
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and the value of the numerator being 


— k sin S, sin F, f eos S (cosee F x + cot ras)" dt + sin so pd 
— k cos S, sin F, — gin S (cosec F ~ + cot FS) dt + cos so at} 
we find 
dQ dQ dQ 
dS m — py p, [in (S,— 8) (cosee P Sp + cot P Gg) d+ cos (8,8) 77; a 


the last-mentioned expressions for dF, and dS, will be used for obtaining d0, de, dọ. 


VAL. 


I form now the equations 
— sin S sin F dT + cos S dF = pdt — sin S, sin F, dT, + cos S, dF, 
+a, (— sinc sin $ dô + cos e d$») 
+a,’ ( coscsin $ dô + sin e d$) 
+ a," (— do + cos dé ) 


cos S sin F dT + sin S dF = qdt + cos S, sin F dT, + sin SdF, 
+8, (— sinc sin $ dÓ + cos o d$») 
+8, ( coso sin $ dô + sin o d$) 
+ 8” (— de + cos $ dé ), 


—dS+cosFdT = rdt — dS, + cos F,d T, 
ct y. (— sin c sin $ dé + cos o d) 
cy; ( cos osin $ dé + sino d$) 
+ y” (— do + cos $ dé ys 


which will presently be useful, but which require some explanation. As the equations 
stand, on the left hand, dT, dS, dF, denote the entire variations of T, S, F, treating 
not only the constants, but also the time, as variable; but on the right hand, 
dT, dS,, dF,, denote the variations of 7,, S,, F, depending only on the variation of 
the constants; if, on the left hand and the right hand respectively, dT, dS, dF, and 
dT,, dS,, dF,, were used to denote either the entire variations of T, S, F, and 
T;, S,, F, or else the variations of these quantities depending only on the variations 
of the constants, then the terms pdt, qdt, rdt, would have to be omitted, and the 
equations would still be true. And it is to be noticed that, omitting the terms 
pdt, qdt, rdt, the equations express the relations existing between dT, dS, dF, 
dT,, dS,, dF, d0, do, d$, in virtue of the integral relations implied by the existence 
of the spherical triangle, the sides and angles whereof are S,— S, 7,— c, T — 0, and 
p, 180^ — F, F. 
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For the present purpose we are to omit the terms pdt, qdt, rdt, and to write 
dT=0, dS=0, dF —-0. We have thus 
— (— sin S, sin F, dT, + cos S,dF;) - «a (— sin o sin $ dé + cos o dd) 
ca ( coscsin $ d0 -- sin e d$) 
+ a,” (— do + cos ¢ dé ) 


—( cosS,sin F,dT,--sin S, dF;) - 8, (—sin o sin $ dé+ cose d$) 
+B.’ ( coso sin $ dé + sin o d$) 
4- 8;" (— de + cos $ dé ) 
— (— dS, + cos F, dT) = y (—sinc sin $ dÓ + cose d$) 
+y: ( eos e sin $ d + cos s dd) 
+ y; (— da + cos $ dé k 
Hence we have 
— sin ø sind dé + cosa dọ = — a, (— sin S, sin F, dT, + cos F, dS.) 
— B,( cos S, sin F, dT, + sin F, dS;) 
— ya( cos F, dT, — dS, J; 


which, attending to the values of «,", By”, yz’, may be written, 
— sin ø sin $ dô + cos o d = — a (%” dT, + cos S, dF) 
— B, (B: dT, + sin S; dF) 
— y: (y? aT, — dS, ) 
= — (a, cos S,+ B, sin Sj) GF, + y, d S., 
since the coefficient of dT, vanishes; and, in like manner, 
cos c sin $ dÓ + sin odd = — ay (a,” dT, + cos S, dF,) 
— B: (B," d T, + sin S, dF) 
— y: (y; dT, — dS, ) 
= — (a cos S, + 8/ sin S;) dF, + yr dS, ; 


and so also 
— da + cos $ dé = — a," (a, dT, + cos S; dF,) 


— 8?” (B? dT, + sin S, dF,) 
— y (yz? dT, — dS, ) 
=— dT, — (a cos S, + B," sin S,) dF, + vy," dS.. 


But we have 


a, cos S, + B, sin S, = cos T, y, = ‘sin T, sin FP, 
a, cosS,+ 8/ sin S, — sin La, y; = — cos T, sin F,, 
a,” cos S+ z sinSj— 0 , m= cos F,, 


62—2 
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and the foregoing equations thus become 
— sin c sin $ dô + cos o d — — cos T, dF, + sin T, sin F, dS,, 
cos e sin $ dô + sin o d = — sin T, dF, — cos T, sin F, dS,, 
— da + cos $ d0 =— dT, + cos F,dS,. 
The last equation, making æ, a departure point, or putting — de + cos $ dÓ — 0, gives 
d T, — cos F,dS,, 
an equation above referred to. "The other two equations give 


d$ = — cos (T, — e) dF, + sin (T, — e) sin F, dS,, 
sin $ d0 = — sin (T; — e) dF, — cos (T, — o) sin F, dS, 


which, with the equation, 
do = cos $d6, 


give d0, do, dd, in terms of dS, and dF.. 


IX. 


Proceeding to substitute for dS,, dF,, their values, we find 


kdġ= | —cos(T,—o) Joos, cos(S,—S) (cosce P Sn cot Ta) dt—cos F,cos(S,— 1308 iP D di--sinF, T ai 
-sin(Ih-e)] sin (S, —8)(coseeF 77, coL P T) dt cos(S,—.8) de 1 
or reducing $ 
in (7, — «) sin (S,— S) + cos (Z 8, — 8) cos F, Pont co PTT) dt 
kdó- — | sin (T, — e) sin (S; — S) + cos (T; — e) cos (S, — S) cos F, (cosec qp * oF as 


\ 


- | sin (T, — e) cos (S; — S) — eos (T, — e) sin (S, — S) cos r, 3 dt 


-| cos (T, — c) sin F, | s di; 


and, in like manner, 


ksin$d0——sin(T,—oc) {cos cos. S) (cosee Fr E 4 cot F zd dt— cot F,cos(S,— -s 5 dt+sin FS as Da 


-Feos(T,— a) i sin(S,—S) (cosce PS EE cot Ts) dt4- cos(S, "Bs jn 5 
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or reducing 
ksin $ d0 = |os (T, — e) sin (S; — S) — sin (T, — e) cos(S,—S) eos. (cosceF E +cot F ES) dt 


+ E (T, — e) cos (S, — S) + sin (T, — c) sin (S,-S)eos F. | ia dt 
, : dQ 
+| — sin (T, — c)sin F, | ds dt. 


These expressions for d$ and d0 are in a form which is convenient for some 
purposes, but they may be further reduced by means of the spherical triangle. In 
fact, in the expression for dọ, the three coefficients in [ ] are respectively, 


sin b sin a + cos b cos a cos C= sin B sin A — cos B cos A cose 


= sin P'sin $ + cos F'cos ¢ cos (T — 0), 


sin b cosa — cos b sin a cos C — cos A sinc 
= cos $ sin (T — 0), 
cos b sin C = cos D sin A + sin B cos A cose 
— — cos F'sin $ + sin Fcos $ cos (T — 0); 


and we have thus 


kdo =- ( sin F'sin $ + cos F cos $ cos (T — 0) (cosee yén + cot H dt 


— cos ¢ sin (T — 0) dt 
-(- cos F'sin $ +sin F'cos $ cos (T — 6) oy dt; 


and the right-hand side is 


" ( sin F sin $ + cos F cos $ cos (T — 2) cosec ee dt 
— cos ¢ sin (T — 0) = dt 


+ cosec F cos $ cos (T — 0) E dt, 
or we have finally | 
kde = — cos $ cos (T — 6) (cot ne + cosec ren) dt 


— sin $ e di 


Q 
— cos $ sin (T — 6) $55 dt 
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In like manner, in the original expression for ksin dð, the three coefficients in 


[ ] are 
cos b sin a — sin b cosa cos C = cos Dsinc 


= — cos F'sin (T — 8), 


cos b cos a + sin b sin acos O= cose 
=  cos(T — 0), 
— sin b sin C = — sin B sinc 


= — sin Tsin (T — 0), 
and thence 
do dO 
k sin $ dð = — cos Fsin (T — 6) Sus F7, cot P JE dt 


4 cos (T — 0) Tp di 


— sin F' sin (T — 0) zem dt 
and the right-hand side is 
— cot F'sin (T — 0) 3 iT d d 


+ cos (T — 2 iP d 


— cosec P'sin(T'—0) 35 dt, 
or we have finally 


ksin $ d0 = — sin (T — 0) (cot Fo + cosec FS) dt 
+cos (T — 65 4n dt. 


The expression for de can be obtained from either of those for d0, by the 
equation de — cos $ d0, and we have thus the values of do, d0, d. 
X. 
It remains to find the expressions for dg and dw. We have 
ee 
AE EFT 


k(h—Om) —Odr 


=at jpo (B-A)pq' 
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where p, q, are considered as functions of r, h, k, and where, besides, n and the 
inferior limit r, of the integrals are functions of h and k. We may write 


(B — A) pq 


k(h—Cr) —Cdr 
k?— Cr? (B—A)pq 


where N, B, ($, D, are functions which contain integrals with respect to r, and there 
is not any algebraical relation between them, except the equation $8 .— — 2»G, which 
will be obtained presently. I retain, therefore, M, B, ©, D, in the formule. The 
first equation gives the value of dg: from the second equation we have 


Ck (h — Cr?) 
(k? — Or’) (B — A) pq 


dr + Adh + Bdk, 


dT, = dæ + dr + Gdh + Ddk, 


de = dT, + dr — &dh — Ddk, 


or substituting for dT, its value cos F,dS,, the expression for which has been obtained 
above [p. 489], we have 


de- LO (0h-F)rdr ——— $Ordu | — C(h—-Cr)rdk — 
k (— Or) (B— Aypq EB — A) pq * (6— C9) (B— A) pg 
Ok? (h — Cr?) dr 


ae Cdh — Ddk, 


k (k°— Cr) (B— A) pq - 
or reducing, this is 


air CNS ax t] EET m 
a sens * lew ba vee (k — C^?) (B — A) pg ips io 


which might be retained in this form. I obtain, however, a different form as follows, 
viz, we have 
dæ = cos F, dS, + CR (h Or) dr 


— Gdh ~Ddk; 
(@— Cr) (B— A) pq © 


or using the other form of dS, [p. 490], and substituting also for dr its value from the 


equation Cdr = — dt, we have 
Q dQ dQ 
de =— 7 cot F, {sin (S, — S) (coscc es + cot F 38) dt + cos (S, — S) dF ae} 


FO). a, QU 
Bo ELD py dg # Eh- Dake 


We have now to prove the before mentioned equation BC— —2»(. We have 


LL — — ü C 0 
B d Cdr n fa d C dn Cdi n dr 


"dk" (B-A)pg "]""dk (B= A) pq” dk) (B-A)p4 ^ (B — A) pogo dk’ 


ga 4 [k(-Cm) —Odr - far4 —Ck(h— Cr) | — Ck(h— Cm) dr, 
"dh J E—Cw (B—A)pq J dh(lB—Cm)(B—A)pq (I —Cr?)(B— A)pq, dh’ 
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where 7, Qo, are the values of p and q corresponding to r=r, If we assume that 
n is a function of h only, the term multiplied by = will disappear, and by properly 


determining 7, as a function of h and k, we can, as regards the terms which contain 
T, satisfy the equation B =—2n; the condition for this is 


dr, —2k(h— Or) dr, 
dk ^ e-r? dh’ 


which will be satisfied if 7, is determined as a function of h and k by an equation 


of the form 
h—C 
MNT from s po: 


where f denotes an arbitrary function. 


It remains to show that, as regards the terms involving integrals, we have 
the same relation 8 =—2n, and this will be the case if 


"s d  —Ck(h—Cr) 


db(B-A)pq ^ "dh (@— Or"\(B— A) pq’ 
or, what is the same thing, if 


dl__ od kh-Or) |, -9k dh-0r 
dk pq dh (k®— Or*) pq. (k®—O%) dh pq ^ 


in which equation p, q, are considered as functions of h, k, given by the equations 
Ap+Be+Cre=h, 
Arp? + Bg? + Cr? = k. 
We find without difficulty 4 
d.pg —$(Ap* — Bq’) — d.pg | k(Ap — Bg) 


dh AB(B-—A)pq’ dk | AB(B— A) pq’ 
and thence 
d h—Cr?_ 3 (h — Cr?) (A?p? — Brg’) 
di pq Pq AB(B-— A) pg 
1 


-AB(B-Ajpg AB B - Are + (Ap + Bg?) (Ap — Beg’) 


3 IB AS 4 (Ap? — Bq’) (A*p’) + (Bq?) 
EE- CM) (Ap — Bg) 
AB(B-A)pg ^ 
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and the right-hand side of the equation in question is therefore 


_ weap — B) 
AB (B — A) pq? 


which is obviously also the value of the left-hand side. Hence, under the assumed 


relations C a function of h only, and r,—f é h~ mu) ) , We have the above-mentioned 


equation 38 =— 2nG. 


XI. 


It will be convenient to recapitulate the various formule for the variations, as 
follows; we have 


dQ dQ 
idh- (— p sin S + q cos S) (cose F 77 ap * ct F a8) dt 


+( p cos 8 +qsin S) 79. dt—r 20 qr 


and 


dQ 


k (h — C2) 
dS 


Ie — Or 


: dQ 
| idh- [cos (S, — S) sin F, (coses F ~p + cot F 38) dt — sin (S, — S) sin F, 2. p dt — cos F, E S gd 


dT 


£O fins - — S) sin F, (cosee F Gp + cot P 23) dt + cos (S, — S) sin rnap} 
r (Ch — k) do dine 
P-e dS ^" 


dQ, dQ 
kdk= — (— Ap sin S + Bg cos S) (cose 777, 4- cot F 33) t dt 


+( Ap cos S + By sin S) 7 dt - Or dt 
and 
dk = cos (S, — S) sin F, (cosee Po + cot FS) dt — sin (S, — S) sin Ff, ryt — cos S, PIT dt ; 
hd = — cos $ cos (T — 0) (cot Am * SEN LA ) dt 
aT ds 


SAPE j dQ 
— sin $ gp % — cos > sin (T— 0) jp t 
C. III. 63 
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and 


kdo = - {sin (1, — 2) sin (3, — S) + cos (T, — e) cos (S, — S) cos F:} (cosee Fr + oot Par) d 
— {sin (7, — 2) cos (S, — — S) — cos (T, — e) sin (S, — - 8) cos Fs} Gp d 


dt; 


-f — cos (T, — a) sin F, E 


k sin $d0 = — sin (T — 0) (co. Sh + cosec F A dt 


+ cos (T — 0) 97. di 


and 


k sin $d0 = feos (T, — e) sin (S, — S) — sin (T, — e) cos (8, — S) cos F.) (cosec T +cot F ES 


+ feos (T, — e) cos (S; — S) + sin (T, — e) sin (S, —S) cos Fp um dt 


+d — sin (T, — e) sin F, | ag d 
do = cos $d6 ; 
— nC 
dg — (B uy» AY») dr + Adh + Bdk, 
and 
n dQ, 


Ye Chdr 4 lada P dh + ero B IA D! dk, 


k (B—A) pq" \k(B— A) pq (ke — œr) (B= A) pq - 
and 
da = — i L eot F, {sim (S, — S) (cosee F oe + cot F As) dt + cos (S, — $9 jn yd 
B sin? S, + A cos? S, dQ : 
T k (B — A) sin? F, sin S, cos S; dS dt — Gdh — Ddk ; 
where it will be remembered that B =— 2nG. The different forms for the variations of 


the same element are, or may be, each of them useful The first expressions for dg and 
dæ respectively are to be considered as giving these variations in terms of dr, dh, dk; 
and the second expressions are those obtained by substituting for these quantities their 
values, but in the terms multiplied by the integral expressions A, B, ©, D, which, on 
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account of these multipliers, do not unite with the other terms, dh, dk are retained as 
standing for their values. The following equations may be added, 


u Ck (h — AT. 
— Ck sin F, k sin F, cos T 
Mer a MC Ip ee 
agin —O(Ch—k*)r dr 4dh (h — Cr?) kdk 


= ee o-oo 
(k? — C'r*?) (B — A) pq (B—A)pg (E — Cr) — A) pq 

which give dP,, dS,, in terms of dr, dh, dk; and I call to mind, also, the equations 
Ap — — k sin S, sin F,, Bq =k cos S, sin F,, Cr=k cos Fy. 


XII. 


To find the differential coefficients of Q with respect to the elements, I proceed as 
follows; considering the function first under the form Q =Q (T, S, F), the total differen- 
tial is 

dQ dQ, dX) 


qe +g tap dF, 


which must be equal to the total differential of © considered under the form 
Q=Q (h, k, g, w, c, 0, $); that is, it must be 


_ dQ dQ dQ dO. 
= et LI  (ndt +dg) + 5 da + j 19 To do + qe dp 


where, as elsewhere dg denotes only the part of the variation of g, which depends on 
the variation of the constants; so that the total variation of g is represented by ndt+dg. 
The value of dQ, 


_ dQ dO, dQ 
-jT dT t S ds E + gp i 


is to be obtained in a form comparable with the last-mentioned expression, by means of 
the formulæ suprà, Art. VIII., which, for shortness, I represent as follows : 


— sin S sin F dT + cos S dF —dP, 
cos S sin dT + sin S dF = dQ, 
— dS + cos F dT =dR; 


these equations give 
dF = cos S dP -- sin SdQ , 


dT = cosec F (— sin SdP + cos S dQ), 


dS = cot F(—sin SdP + cos SdQ) — dR; 
63—2 
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and we then have 


d= ( cosSdP +sin 8 dQ) SS 
" dQ dQ 
+ (— sin S dP + cos S dQ) (cosce P22 + cot P20) 
dQ 
—dk qs 


and substituting for dP, dQ, dR, their values, the resulting expression may, for shortness, 
be represented by dO = d,O + dQ + d,O, where 


di) ( p cos S + qsin S) 73 di 


+ (— p sin S + q cos S) (cosee FGF + cot Fs) dt dt 


dO, 
TU an dt. 


dQ = eos (S, — S) sin F, (cosec F es + cot, F E 3) — sin (S, — S) sin F, m p 09 F, "8l dT, 


+| sin (S, — S) (cosee F Gin + eot FF) cos (8,— 8) es | 


dX 


tg 


which, for shortness, I represent by d,O = XdT,+ YdF, + ZdS,; and 


( a, cos S -- 8, sin S) (— sin e sin $d0 + cos ed)? 
dQ = | +( a cos S -- B/ sin S) ( coso sin $dÓ -- sined$) 
+( "cos S + 8," sin S)( — do + cos pd ) \ 


dQ 
dF 


+(— a; sin S+ 8y cos S) ( cosa sin dé + sin ad) } | cosec pt dT ds cot F 2 


(— a,” sin S + 87" cos S) ( — do + cos ġ d0 ) 


dQ 


S ? 


| (— a, sin S +, cos S) (— sin o sin d0 + cos pr 
| c y/( cos csin $dÓ + sin odo 


y; (— sin o sin $ dO + cos d 
j 


+ yo” ( — do + cos $ d6 ) 
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or substituting for æ, &c. their values, and reducing, d,Q = 


hs (S, — S) sin (T, — a) — sin (S, — S) cos (T, — e) cos F,] sin $ — sin (S, — S) sin F, cos $) dé l dO 
+ (cos (S, — S) cos (T, — c) + sin (S, — S) sin (T, — e) cos F,) dp + sin (S, — S) sin Fide dF 


([sin (S; — S) sin(7,— )4-cos(S.— S)cos(T; —c)cos.F.]sin $4-cos(S,— S)sin F,cos) d8 do dQ 
: : (cosec F-=,,+ cot F = ) 
+ (sin(S,—5)eos(T,—c)—cos(S. —S)sin( T,—0) cos F.) d$ — cos (8,—S)cos Fda aT dS 
-= ic cos (T, — a) sin F, sin $ + cos F, cos $) d + sin (T, — o) sin Fado — cos Fdo} E 
Hence, comparing d,O + dO --d,Q with the other expression for dQ, and observing that 
dT,, dS,, dF,, do not involve d6, do, dd, we have 
_ dQ, 
dQ ET ndt, 
dQ dQ dQ dQ 
d; = at m. scl da, 
_ dQ dQ 
d,Q 5:38 dé ha z de A. dé 2 ak 
XIII. 
The first equation gives 
dQ : dQ dQ 
n 6^ — (— p sin S 4- q cos S) (cosec F Sn +oot Fas) 
+ (p cos S+ q sin 8) Fp — 2-4 
and, comparing this with the first form of 4dh, we have 
dh — 2n s dt. 
The third equation gives 
v = fisinçs,- S)sin(Z',—o)+cos(S,—S) cos( T,—S)cos F;]sin $ 4- cos(S; — S)sin F,cos | (cosec F oe t cot F sa) 
+ loss sin cr, —o)—sin(S,— S)cos(T.,— c)cos F,] sin $ — sin (S,—S)sin F, cos o} aF IF 
*1 cos (T, — c) sin F, sin $ — cos F, cos $ HS 
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ex = — cos (S, — S) cos F, (cosee F eus cot F ea) 


dT ds 
: . p dO dQ 
+ sin (S, — S) sin F; jp 95s IS? 
EA = {sin (S, — S) cos (T, — a) — cos (S, — S) sin (T, — e) cos F,}(cosee F + cot F 2 


4 feos (S, — S) cos (T, — a) + sin (S, — S) sin (T, — e) cos | = 


dQ 
— sin (T, — c)sin F, ds’ 
and thence 


cot = + cosec $ T = 
{sin (S, — S) sin (T, — a) + cos (S, — S) cos (T, — e) cos F: | (cosee F vee + cot e 
+ {cos (S, — S) sin (T, — e) — sin (S, — S) cos (T; — e) cos ri E 
+ cos (T, — e) sin F, eA : 


and we have therefore 


_ eot $ dO cosec $ dQ 
dert 2 ug t 
_ eot pd 
do = k d$ dt, 
., eosec $ dO 
dé = $4 ud dt. 


The second equation, viz. 


dQ dQ, dQ, dQ, 


Th * dk dii niit us E dæ = d,Q = XdT,+ YdF, + ZdS., 


\ 
if we substitute for dg, dT,, dF,, dS, their values, becomes 


di o- bot un nC dO 
i deep ak +S - is gays; T7 + Mdh + Bdk) + = da 
M (00 0k (h - Cn) 
= X{de ota yg it Em + Dat} 
Ck sin F, k sin F, cos F, 
eri i jon a Ea 
+24 | oie p, ddh  , — (n-Or)kdk ! 
(k? — Cr?) (B — À) pq (B— A) pq © (k?— C'r*) (B— A) pq) 
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The comparison of the terms involving dw gives at once ae = X, or, substituting for 


X its value, 
dO, 
da dT 


— gin (S, — S) sin F, cw cos F, ae : 


and comparing with the expression for dk, we find 


dQ 
dk = ac dt. 


The terms involving dr give 


dQ k(h— Or’) TARDE AP y 4 UA ke) 


dg ke-r“ ka— 
or, substituting for X, Y, Z, their values, 


dQ k(h—Or’) 


"do P-er 


A [sin (S,— S)sin F, (cosec F Toe cot F ES + cos (S, — S) sin F, a. 
r (Ch = Ie) do 
k- Or dS’ 


which agrees with the second form for $dh, and gives as before 


dics n. 
dg 
the terms involving dh give 
dQ dQ s 
di^ da 54 B-A)pg^ 
and thence 
dO 
— 9n —- di -2 $P r MX + op uis 3 


= cos(S, — S) sin F, (cosee F on +cot F E 


{eos (S, — S) sin F, (cosee F zt pt cot F at 3)- sin (S, — S) sin F. : 


p, 22 
dF 


dF 


- cos F, == 


or, substituting for —2n@ its value B, for X the value EN and for Z its value 


dQ, 
ds’ 


we have 


dX dQ dX n dQ 
A ACA US de (E ipie 
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where, on the right hand, E and a may be considered as standing for given 
; dQ dQ dQ m 

“ay Jo» Jm l dt, and 

functions of dT dS’ dP) for the present purpose, however, multiplying by an 


substituting for 2n and a the values dh and dk, we have 
dg da 
dQ, n dQ, 
— 2n ae ah Oe ter ay ee as dt, 
which agrees with the foregoing value of dg, or we have 
dQ 
The comparison of the terms involving dk gives 
dQ dO _ k sin F, cos F, (h — Cr’) k 
ag + Bae Oe ae 
or, substituting and reducing, 
dQ | dQ dà 1 dt... dQ dQ | 
-= ME e D UM goot F, feos (S: — 8) zp + sin (S, — S) (cosee F 77; + cot Fo) 
~ (h — Cr?) k dQ 
(k? — Cr?) (B — A) pq dS’ 

: TER SS dQ. - ; 1 ; 
where, on the right-hand side, F^ and de my be considered as standing for given 
functions of e ; = a pet for the present purpose, however, multiplying by d£ and 
putting for 2n a dí and do dt the values dh and dk, we have 

g de 

dQ. 1 dQ, ; 
m oF dt = — Gdh — Ddk — ; cot F, feos (S, — S) TR dt + sin (S, — S)( cose ion + cot ro) at 


(h— Cr) k dO 


~ (@= Or) (B— A) pg ds % 


which agrees with the foregoing value of dw, or we have 
dQ, 
da =- di dt, 
and we have thus the system of formule for the variation of the elements in the 


problem of rotation, given in Art. I. 
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